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The present paper improves a result of Gutev [V. Gutev, Approaching points by continuous
selections, J. Math. Soc. Japan (4) (2006) 1203–1210] by characterizing the countably-
approachable points in sense of [V. Gutev, Approaching points by continuous selections,
J. Math. Soc. Japan (4) (2006) 1203–1210] by a natural extreme-like condition in the spirit
of [V. Gutev, T. Nogura, Vietoris continuous selections and disconnectedness-like properties,
Proc. Amer. Math. Soc. 129 (2001) 2809–2815; V. Gutev, T. Nogura, Selection pointwise-
maximal spaces, Topology Appl. 146–147 (2005) 397–408]. This demonstrates the natural
relationship between different extreme-like points with respect to continuous selections
for the Vietoris hyperspace of nonempty closed subsets.
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1. Introduction
Let X be a topological space, and let F(X) be the set of all nonempty closed subsets of X . A map f : F(X) → X is a
selection for F(X) if f (S) ∈ S for every S ∈ F(X). A selection f : F(X) → X is Vietoris continuous, or merely continuous, if it
is continuous with respect to the Vietoris topology τV on F(X). Recall that a base for τV is given by all collections of the
form
〈V〉 =
{
S ∈ F(X): S ⊂
⋃
V and S ∩ V = ∅, whenever V ∈ V
}
,
where V runs over the ﬁnite families of open subsets of X . Finally, for a space X , let Vcs[F(X)] be the set of all Vietoris
continuous selections for F(X).
In the sequel, all spaces are assumed to be at least Hausdorff. This paper was motivated by recent results about extreme-
like continuous selections, and special points. Recall that a selection f ∈ Vcs[F(X)] is called p-maximal for a point p ∈ X
[3,6,7] if f (S) = p for every S ∈ F(X), with p ∈ S . In this case, we also say that p is selection maximal. In particular, we say
that a space X is selection pointwise-maximal if each point of X is selection maximal. Several topological properties were
characterized in terms of such selections and points. Namely, every selection pointwise-maximal space is zero-dimensional,
see the proof of [6, Theorem 1.4]; every ﬁrst countable and zero-dimensional space X , with Vcs[F(X)] = ∅, is selection
pointwise-maximal [6, Theorem 1.4]; a separable space X , with Vcs[F(X)] = ∅, is ﬁrst countable and zero-dimensional if and
only if it is selection pointwise-maximal [3, Theorem 3.5] and [6, Theorem 1.4]; a countable space X , with Vcs[F(X)] = ∅,
is metrizable and scattered if and only if it is selection pointwise-maximal [3, Theorem 3.5]. Here, X is zero-dimensional if
it has a base consisting of clopen sets. A complete topological characterization of selection pointwise-maximal spaces was
obtained in [7].
A relaxed condition about point-maximal selections and selection maximal points was considered in [6]. It is related to
points p ∈ X such that f (X) = p for some f ∈Vcs[F(X)], and seems to play also an important role in characterizing topo-
logical properties by selections. Namely, if X is zero-dimensional, with Vcs[F(X)] = ∅, then the set { f (X): f ∈ Vcs[F(X)]}
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orem 1.5]; the set { f (X): f ∈ Vcs[F(X)]} is dense in X if and only if Vcs[F(X)] = ∅ and X has a clopen pseudobase
[4, Theorem 2.1]. Here, a family P of open sets of a space X is a pseudobase for X if every nonempty open subset of X
contains some nonempty element of P . Several applications of such selections were demonstrated in [4].
Turning to the main purpose of this paper, let us recall that a point p ∈ X is 0-approachable if p is an isolated point
of X , and that p is ω-approachable if there exists an open subset U ⊂ X \ {p} such that U = U ∪ {p}, and p has a countable
clopen base in U , [4]. We say that p ∈ X is countably-approachable if p is either 0-approachable or it is ω-approachable. It
was demonstrated in [4] that a point p ∈ X is ω-approachable if there exists a sequence {Sn} ⊂ F(X) of pairwise disjoin
clopen subsets of X which is τV -convergent to p. Such points were naturally related to selection extreme-like points in [4].
Theorem 1.1. ([4]) For a space X, with Vcs[F(X)] = ∅, the following are equivalent:
(a) The set { f (X): f ∈Vcs[F(X)]} is dense in X.
(b) The set of all countably-approachable points of X is dense in X.
We are now ready to state also the main purpose of this paper. In the ﬁrst place, we characterize the ω-approachable
points in terms of an extreme-like condition, just in the spirit of selection maximal points, but modulo a “countable set”.
The following theorem will be proved.
Theorem 1.2. Let X have a clopen pseudobase and Vcs[F(X)] = ∅. For a point p ∈ X, the following are equivalent:
(a) p is ω-approachable.
(b) There exists a sequence {xn: n < ω} ⊂ X \ {p}, convergent to p, and f ∈Vcs[F(X)] such that f (S) = p for every S ∈ F(X), with
{xn: n < ω} ⊂ S.
(c) There exists a countable subset K ⊂ X \ {p}, containing p in its closure, and f ∈ Vcs[F(X)] such that f (S) = p for every S ∈
F(X), with K ⊂ S.
In the second place, we characterize the selection maximal points on a space X with a similar condition which demon-
strates the natural relationship between such extreme-like points.
Theorem 1.3. Let X have a clopen pseudobase and Vcs[F(X)] = ∅. For a point p ∈ X, the following are equivalent:
(a) p is a selection maximal point of X .
(b) There exists a closed subset K ⊂ X \ {p} and f ∈Vcs[F(X)] such that f (S) = p for every S ∈ F(X), with K ∪ {p} ⊂ S.
According to Theorems 1.2 and 1.3, we have the following immediate consequence which provides a complete character-
ization of countably-approachable points in terms of such selections.
Corollary 1.4. Let X have a clopen pseudobase and Vcs[F(X)] = ∅. For a point p ∈ X, the following are equivalent:
(a) p is countably-approachable.
(c) There exists a separable closed subset K ⊂ X, containing p, and f ∈ Vcs[F(X)] such that f (S) = p for every S ∈ F(X), with
K ⊂ S.
Theorem 1.2 is proved in the next section. The proof of Theorem 1.3 is given in the last Section 3 of this paper.
2. Proof of Theorem 1.2
The proof of Theorem 1.2 consists of the following two separate observations the ﬁrst of which reﬁnes [4, Lemmas 4.2].
Proposition 2.1. Let X be a space, with Vcs[F(X)] = ∅, and p ∈ X be an ω-approachable point. Then, there is a sequence {xn: n <
ω} ⊂ X \ {p}, convergent to p, and f ∈Vcs[F(X)] such that f (S) = p for every S ∈ F(X), with {xn: n < ω} ⊂ S.
Proof. This proof is actually based on the construction in the proof of [4, Lemma 4.2]. Let us recall brieﬂy this construction.
Suppose that g ∈ Vcs[F(X)] and {Sn: n < ω} ⊂ F(X) \ {p} is a pairwise disjoint family of clopen subsets of X which is
τV -convergent to p. Just as in the proof of [4, Lemma 4.2], deﬁne f ∈ Vcs[F(X)] by letting for F ∈ F(X) that f (F ) = g(F )
if F ∩ S0 = ∅; f (F ) = g(F ∩ Sn(F )) if F ∩ S0 = ∅, F ∩ Sn = ∅ for some 0 < n < ω and n(F ) = min{n < ω: F ∩ Sn+1 = ∅}; and
f (F ) = p if F ∩ Sn = ∅ for any n < ω. Now, choose an arbitrary xn from each Sn , n < ω. Thus the sequence {xn: n < ω} ⊂
X \ {p} is convergent to p. Finally, take an S ∈ F(X), with {xn: n < ω} ⊂ S . Then, S ∩ Sn = ∅ for any n < ω and, by the
construction of f , f (S) = p. This completes the proof. 
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and let f ∈Vcs[F(X)] be such that f (S) = p for every S ∈ F(X), with K ⊂ S. Then, p is an ω-approachable point of X .
Proof. Let K = {xn: n < ω}, K0 = K , A0 = K0 and B0 = {x0}. Since, by hypothesis, f (A0) = p ∈ X \ K0 ⊂ X \ B0, using the
continuity of f there exists a ﬁnite family W of open subsets of X such that A0 ∈ 〈W〉 and f (〈W〉) ⊂ X \ B0. Whenever
W ∈ 〈W〉, take a point xW ∈ K0 ∩ W which is possible because K0 is dense in A0. Next set
F0 = {xW : W ∈ W}.
Then, B0 ∪ F0 ∈ 〈W〉, and therefore q0 = f (B0 ∪ F0) ∈ X \ B0. Now, on one hand, T0 = B0 ∪ (F0 \ {q0}) is a nonempty closed
subset of X . On another hand, f (T0 ∪ {q0}) = q0 = p because B0 ∪ F0 ⊂ K0. Hence, by the continuity of f once again, there
exists a neighborhood V0 of q0 such that p /∈ V0 and f (T0 ∪ {t}) = t for every t ∈ V0. Finally, using that X has a clopen
pseudobase, take a nonempty clopen set S0 ⊂ V0. Thus, f (T0 ∪ {t}) = t for every t ∈ S0.
Now, let K1 = K0 ∪ S0, A1 = K1 = A0 ∪ S0, and B1 = T0 ∪ S0 ∪ {x1}. Then p ∈ A1 \ K1 ⊂ X \ B1, and, by hypothesis,
f (A1) = p ∈ X \ B1. Hence, we may repeat the same arguments with K0, A0 and B0 replaced by K1, A1 and, respectively, B1.
Thus, by induction, we get an increasing sequence {Tn: n ∈ ω} of closed subsets and a pairwise disjoint family {Sn: n ∈ ω}
of nonempty clopen subsets such that, for every n < ω,
(a) xn ∈ Tn ⊂ Tn ∪ Sn ⊂ Tn+1 ⊂ X \ (Sn+1 ∪ {p}), and
(b) f (Tn ∪ {t}) = t for any t ∈ Sn .
Let T =⋃{Tn: n < ω}. We have that K ⊂ T because, by (a), xn ∈ Tn for each n < ω. So, by assumption, f (T ) = p while,
by (a), {Tn: n < ω} is τV -convergent to T . We are now ready to show that p is an ω-approachable point, in fact that
{Sn: n ∈ ω} is τV -convergent to p. Indeed, suppose that this fails. Then, there exists a neighborhood O of p such that
Sn \ O = ∅ for inﬁnitely many n < ω. So, we can ﬁnd a strictly increasing sequence {nk: k < ω} ⊂ ω and a sequence of
points {yk: k < ω} so that yk ∈ Snk \ O for every k < ω. Then, by (a) and (b),
p = f (T ) = lim
n→∞ f (Tn+1)
= lim
k→∞
f (Tnk+1)
= lim
k→∞
f
(
Tnk ∪ {yk}
)= lim
k→∞
yk.
This means that p = limn→∞ yk /∈ O , which is a contradiction. The proof completes. 
3. Proof of Theorem 1.3
To prepare for the proof of Theorem 1.3 we need the following propositions.
Proposition 3.1. Let X be a space, p ∈ X, f ∈ Vcs[F(X)], and let K ⊂ X \ {p} be a closed set such that f (K ∪ {p}) = p. Then, there
exists a neighborhood V ⊂ X \ K of p such that f (K ∪ F ) ∈ F for every F ∈ F(X), with F ⊂ V .
Proof. Since K ⊂ X \ {p} is closed and f (K ∪ {p}) = p ∈ X \ K , by the continuity of f , there exists a ﬁnite family W of
open subsets of X such that f (〈W〉) ⊂ X \ K with K ∪ {p} ∈ 〈W〉. Let Wp = {W ∈ W: p ∈ W }, and let V =⋂Wp \ K .
Then V is as required. Indeed, clearly V ∩ K = ∅. Take an F ∈ F(X), with F ⊂ V . Then, K ∪ F ∈ 〈W〉, and, therefore,
f (K ∪ F ) ∈ f (〈W〉) ⊂ X \ K . Since f (K ∪ F ) ∈ K ∪ F , this implies that f (K ∪ F ) ∈ F . The proof completes. 
Proposition 3.2. Let X be a space which has a clopen pseudobase, p ∈ X, f ∈ Vcs[F(X)], and let K ⊂ X \ {p} be a closed set such
that f (S) = p for every S ∈ F(X), with K ∪ {p} ⊂ S. Then p has a clopen neighbourhood Y ⊂ X \ K such that f (K ∪ F ) ∈ F for every
F ∈ F(X), with F ⊂ Y .
Proof. By Proposition 3.1, there exists an open neighborhood O of p such that O ∩ K = ∅ and f (K ∪ T ) ∈ T for every
T ∈ F(X), with T ⊂ O . Set F = X \O . Now, on one hand, by the properties of f , we have that f (F ∪{p}) = p, while f (F ) = p
because p /∈ F . On another hand, by [4, Corollary 2.3], X is totally disconnected because it has a clopen pseudobase. Thus,
there is a clopen neighborhood U of f (F ) such that p /∈ U . Therefore, f −1(U ) is a clopen neighborhood of F in F(X). Let
M ⊂ f −1(U ) be a chain which is a maximal with respect to the usual set-theoretical inclusion and F ∈ M. Then, M has a
maximal element M which is a clopen subset of X because f −1(U ) is clopen in X , see the proof of [6, Theorem 4.1] (see,
also, [1,2,5]). Finally, let us observe that p /∈ M . Indeed, if p ∈ M , then f (M) = p /∈ U because K ∪ {p} ⊂ M . However, by
construction, f (M) ∈ U because M ∈ M ⊂ f −1(U ). Thus, p /∈ M and we can take Y = X \ M ⊂ O . This Y is as required. 
Proof of Theorem 1.3. Since the implication (a) ⇒ (b) is trivial, it suﬃces to show that (b) ⇒ (a). So, suppose that K ⊂
X \{p} and f ∈Vcs[F(X)] are as in (b), and let Y be as in Proposition 3.2. Then, whenever F ∈ F(Y ), deﬁne g(F ) = f (K ∪ F ).
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and Y and K are disjoint. Finally, let us also observe that g is a p-maximal selection for F(Y ) because g(F ) = f (K ∪ F ) = p
for every F ∈ F(Y ), with p ∈ F . To ﬁnish the proof, deﬁne a selection h for F(X) by letting for T ∈ F(X) that
h(T ) =
{
f (T ), if T ∩ Y = ∅,
g(T ∩ Y ), if T ∩ Y = ∅.
Then, h is continuous which follows from the fact that f and g are continuous and set {T ∈ F(X): T ∩ Y = ∅} is τV -clopen
in F(X) because Y is clopen in X . This selection h has also the property that h(T ) = g(T ∩ Y ) = p for every T ∈ F(X), with
p ∈ T . That is, h is p-maximal which completes the proof. 
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